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Infimal Convolution

Definition (infimal convolution)

For f,g : R" — (—o0, 0], we define fx g : R" — [—o0, 0], the
infimal convolution of f and g, by

(fx9)(y) = ip,f{f(y -y +a9(y)}

We say f x g is exact if the infimum is attained when (f x g)(y) is
finite.

If fx g is exact and (f x g)(y) is finite, we write
(Fxg)(y) =f(y —y') + g(y'), implicitly defining y’ as a
minimizer.
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Conjugates of Infimal Convolutions

(fx9)"(2) = (2) + g°(2)-

Proof, Part 1.
Define h(y,y') = f(y — y') + g(y').

h(z,2) = sup{y'z+y"'2 —fly—y)—a(y)
vy
1t

= iuyg{(quy’)’Zer Z'—f(u) - g(y')}

= sup{u'z+y'(z+2) - f(u) - g(y)}
uy’

= (2)+9'(z+2).
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Conjugates of Infimal Convolutions, Proof Cont’d

Defining h(y,y’) = f(y — y') + 9(y’), we just showed
h*(z,Z2') = f(z) + g*(z + 2).

Now note that (f x g) = inf,, h(y, y’), and we can use our
previous result on auxiliary functions:

(fxg9)(2) = h*(2)
h*(z,0)

(2) + 9"(2).

It is also possible to prove the result directly (good exercise).
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Technical Results on Infimal Convolutions

Letf,g:R" — (—o0, ] be ccp.
@ (fxg)"(z) =rf(z) +g*(2). If0 € dom f* — dom g*, then
fxg>—c0.
° zed(fxg)(y)and (fxg)(y) =fy —y)+9(y') & z €
of(y —y') N og(y’).
@ /f0 € int(dom f* — dom g*), then f x g = (f* + g*)* and is
exact (as well as ccp).

Proof is in Rifkin and Lippert.
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Indicator Functions, Support Functions, Polars

Definition (indicator functions, support functions, and polars)

For any non-empty set C c R”, the indicator function 6, the
support function o¢, and the polar of C, C° are given by

ocly) = {:O i;g

ocly) = surc)zty
zec

C° = {zeR":VWyeC,y'z<1}.

NOTE: These indicators are the negative log of probability
indicators.
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Indicator and Support Functions are Conjugate

o(2) = Sl;p{ytZ—éc(y)}

= supy'z
yeC

= oc(2)

Indicator functions allow us to work entirely with unconstrained
functions — a problem of the form “minimize f(y) subject to
y € C” becomes “minimize f(y) + dc(y).”
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Indicators and Supports for Closed Convex Sets

Suppose C is closed, and convex. Then ¢ is ccp, and
Fenchel-Young applies:

z€ddc(y) &y €doc(z) & dc(y)—y'z+oc(z)=0
& yeCvWyecCzi(y —y)<o.
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Cone Polars

A cone is set S with the property that R~oS C S. For a cone C,
the polar has a special form:

C° = {zeR":VyeC,y'z<1}
{zeR":Vyc C,y'z<0},

because, for any z, if we canfinda y € C s.t. y!z > 0, we can
finda y’ s.t. y''z > 1, as all positive real multiples of y are in C.
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The Support Function of a Cone

oc(y) = supzly

zeC
_ foo JzeClCsit zly>0
o 0 otherwise

_ foo 3zeCsitzly>0
T 10 Vze(C,zly<o0

= dco(¥),

where we have made use of the form of the polar of a cone.
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The Support Function of a Vector Subspace

Suppose C is a vector subspace (note that this is a type of
cone). For vector subspaces, the polar specializes further:

C°=Ct={zeR":VyeC,y'lz=0},
and combining with our previous result, we have
dcr = 0o,
and by Fenchel-Young,
Y€1 (2) & z€dic(y) & do(y)—y'z4+60.(2)=0

& yeC,zeCt
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Combinations of Indicators and Supports

Lemma

Let A, B C R" be closed, convex and non-empty.

darB = 0A* 0B OA+B=O0A+ 0B
0anB = 04+ 0B oaB=oaxop (if0 € int(A— B))
TAUB = 0AB dauB = 0AcB

where A @ B is the closure of the convex hull of A and B.

The identities for da~s, da1 8, and o5 are easily shown. The
others are from conjugation.
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